INVESTIGATION OF TIIE STABILITY OF TIE SOLUTIONS
OF A LINEAR DIFFERENTIAL EQUATION WITH PERIODIC
COEFFICIENTS AND WITH STATIONARY DELAYS
IN THE ARGUMENT BY THE METHOD OF HILL

(ISSLEDOVANIIE USTOICHIVOSTI RESHENII LINEINOGO
DIFFERENTSIAL’ NOGO URAVNENIIA S PERIODICHESKIMI
KOEFFITSIENTAMI I STATSIONARNYMI
ZAPAZDYVANIIAMI ARGUMENTA METODOM KHILLA)

PMM Vol.26, No.4, 1962, pp. 755-761

K.G. VALEEY
(Leningrad)

(Received March 12, 1962)

In this article it is shown that Hill’s method [1] can be applied to the
investigation of the solutions of a linear differential equation with
periodic coefficients and with stationary lags in the argument. The pre-
sentation is made with the aid of a second order differential equation
with concentrated lags. The presented method can be extended quite Easily
to systems of m equations of the nth order with concentrated and uni-
formly distributed stationary lags in the argument.

1. The following equation is considered

Py (1) +2 2 ity (1) =0 (1.1)

T
k=p g=—I

Here the akq are complex numbers, the T, are real numbers such that

::To<171<...‘f’<h,

and | is a positive number. The problem is to find, for positive ¢, a
solution y(t) that satisfies the initial conditions

d
y =9 (<I<O), v (O =w®, 0 =n? (1.2)

The function @(t) is absolutely integrable over h <t < 0.

Let f(p) be the Laplace transform [2] of the desired solution of Equa-
tion (1.1) satisfying the initial conditions (1.2).
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Solutions of a linear differential equation 1135

Multiplying (1.1) by e Pt and integrating with respect fo t between
the limits 0 and + ©, we obtain the difference eguation for the deter-

mination of f(p):
!
PP+ D) bo(p+ i) f(p+gi) = (p) (1.3)

q=—1
Here

& i
bo(P) =) g e, v =py” +uN— D) vlpte) (1

¥ [
\% {p)= Z Lo S P () P 5 1.5
K==1 —tx

The functions b (p) in (1.4) are bounded in the half-plane Re p > ¢ =
const, Replacing p in (1.3) by (p + ki) and dividing the obtained differ-
ence equation by - k2 (tk=%1, 22, £3, ...), we obtain an infinite
system of linear algebraic equations in the unknowns f{p + ki):

i
— k3 f (p k)= D) kb (pk (k4 0) i) F(p+ (kba) D) = — k- (p ki) (1.6)
o]
‘ (b= 41,42 +3,..)

The complex variable p in (1.6) and (1.3) will be treated as a para-
meter, Solving the system of Equations (1.3) and (1.6) by meafis of
Cramer’s formula, we obtain

(1.7)
R R Y S I TS R S
EErvacd 1 P —i .
T =75 . —ba(p4+)  —9—i)  —[p— i+ (p—i)].

.................................

Here, A(p) denotes the infinite determinant of the system (1.3), (1.6).

(1.8)
iR e g
apy=|. b(p 1 i) 2+b§<p) by (p—i
CL L. TR () ."’:KP.—.”.”.“‘{’oSFf.‘).’

One can show that the determinant A(p} in (1.8) converges absoclutely
and uniformly [3] in every bounded region Z of the complex plane p. The
product of the diagonal elements A(p) of the determinant A(p) can be re-
presented in the form
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A(p) = [p’—{—bo(p)]H( Z‘P Pﬁ'.ﬁi!i’ﬂl)(1+2‘l’ Lﬂ(f_’:ﬂ) (1.9)

2
k=1 k

The sum of all the nondiagonal elements of the determinant A(p) in
(1.8) is dominated by the convergent series

o}

4
| Z 2 — k% (p+ (k+ ) ) 22 it 3 | g max | TR (110

k=—00 q=—1 q=—1

Formulas (1.9) and (1.10) imply the absolute convergence of the de-
terminant A(p) of (1.8) if p& X, If in (1.7) and (1.8) we take a deter-
minant of finite order, then we obtain an approximate solution f(p). Its
original function will be taken as an approximate solution of Equation
(1.1) with the conditions (1.2).

. 2. Let us consider the analytic properties of the determinant A(p) in
(1.8). From what has been said it follows that A(p) is an entire function
of p, and also of the parameters g T, (1.1). The center element c(p)
of the determinant A(p)

8
D= D) gy @
k=0
is an entire function of p. This function has no zeros when Re p > «, if
a is sufficiently large. The product of the equation of the diagonal
elements A(p) in (1.9) is a periodic function of p of period i because

A(p+i)=c(p+i)lim H [—ke(p+(k+1)il=c(p)lim_ H (—kic(p+

kk—+—0r 1) ) kk—+—or
[ r
+ ki)[ lim —(‘l“c—%j—ri)—’ = A(p) 2.2)

We shall make use of the notation

g (P) =by (P + qi)[P* + by (P)]! (2.3)

I1f we move the diagonal element of each row of the determinant (1.8)
behind the symbol for the determinant, we obtain

A(p)=D{p) A(p) (2.4)

where D(p) is a new convergent determinant

DU D ealp D) 4
pp= | am ETT R (2.5)
- ea (p—i) CI(P—l) 1 .
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It is obvious that the determinant D(p) is periodic of period :.
Hence, we have proved the following theorem.

Theorem 2.1. Hill's determinant A(p) in (1.8), constructed for the
differential equation (1.1) vith periodic coefficients and stationary lag
of the argument, is an entire periodic function of p with period i.

From (2.5), (2.3) and (1.4) it follows that D(p) —~ 1 when Re p — + @,
Sincebo (P) = ay, in (1.9) when Re p = + ®», we obtain, by retaining the
term with largest absolate value, the asymptotic expression for A(p) of
(1.9) when Re p = + o,

(2.8)
i . _— 2np
A (p) ~ (P* + aw) kﬂw[—k-z (P + i) + apg)] = 21“;?2 Gosb27p —cosh2t V' agg) ~’2‘E‘F
k#0

In the particilar case when the lags 7, in (1.1) are multiples of 2m,
the function bofp) in (1.4) will be periodic with period i, and we obtain,
when Re p — + o, the equation

8 1
1 a 2% p
A(p) = e l}osthp —cosh27¢ (— "E_O a0 exp {— tkp))’ ] = ”—an +0(1) 2.7)-
Let us make the following substitution in (1.8)
p = exp {— 2np} (2.8)

Because of the periodicity of the determinant A(p), the fupction

1
0(9)=9A(——2—n—lnp)4n’=1+0(p), p—0 (2.9)

is a single-valued function without finite poles, namely, it is an entire
function ¢f p. By Weierstrass’ theorem [2, p.407] we have

oo
- j P p i p? 1 /p\kn N
N e T I
Here g(p) is an entire function of p, g(0) = 0, the p, are the zeros
of O(p) when n* ®, and the k are certain integers which will guarantee
the convergence of (2.10). Making use of the notation p, = — 0.5 7 l1n Pjr
we obtain from (2.10) and (2.9) the general form of the analytic repre-
sentation of f(p) in (1.8):

A (p) = 0,251~ exp {2np} exp [g (exp {— 27p)}} X

o
1
X [ 4 —exp@n(p;— pp)exp 2x(p;— P} +... + &, OXP (2tky (p;— P} (241)

n=
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n
g(P) =gp + g2p® +gs0® 4.+, lim V[g,]=0, Rep,—>—oco whenn—>o0 (212)
n—>o0

The determination of the behavior of the numbers p, and g, when n —~ ®
is still an unsolved problem.

3. The problem of the stability of the solutions of Fquation (1.1) in-
volves the evaluation of the characteristic exponents p, of the solution
of Equation (1.1). From theorem 2.1 it follows that the transform f(p)
(1.7) of the solution y(t) is a meromorphic function of p with poles at
the points

pnkzpn+ki (n=1,2,...,k:0,i1,f:2,...) (31)

If we seek the original function y(:) with the aid «f the expansion
given on p. 483 of [2], we obtain the next theorem,

Theorem 3.1. The solution y(¢) of Fquation (1.1) with the initial con-
ditions (1.2) can always be expanded into a series of the type

o0

oo
AO= 1@ v0= 2 Bal + BuMe b 4B T PathL (35
n=1 k=—co
where r, + 1 is the multiplicity of the zero p, of the deteriinant A(p)
(1.8).

I1f we substicute Y,(t) from (3.2) into (1.1) we find that Lt is
indeed a solstion of Equation (1.1).

The rduations for Q"k(r) will be satisfied because Equation: (1.3) and

(1.3) are satisfied by f(p) which has poles of order r_ + 1 at the
p.ints Pap (3.1).

Hence, yn(t) is an entire function of t, and the series for Y1)
(3.2) converges absolutely and uniformly for all finite values of t. This
implies the asymptotic nature of the series (3.2). Thus we obtein the
next theorem.

Theorem 3.2. The solution y(t) of Equation (1.1) with the conditions
(1.2) can always be expanded into an asymptotic series, with t —- o, of
the form

oo}

y(O) =) € (2, 0) + o, W) 1. 4w, (1) 1) (3.3)

n=1

Here an(r)(t + 2m) = un(r)(t), Re p, = - @ when n~ + ® wd r_+ 1
stands for the multiplicity of the zero p, of the determinant A(p) (1.8)
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We may assume, without loss of generality, that Re p, 2 Re Py # Re py 2
Then we have the following result if Re p* < Re p, . :

k
lim [y(t)—Z Yo (t)]exp (=0 (3.4)
n=1
Theorem 3.2 permits us to draw certain conclusions about the stability
of the solutions of Rquation (1.1) if we know the zeros P, of the deter-
minant Ap. This theorem can be extended to systems of linear differential
equations with periodic coefficients and with stationary lags of the
argument, see for example [3]. In order to find the characteristic ex-
ponents p,, one can make use of the conditions for the existence of the
solution y(t) of Equation (1.1) in the form

yiy=e" D) Be™ (3:5)

k=—o0
4. We shall consider the Mathieu equation

P
z,(: L Ay () + 2uy (t — ©) cos 2t = 0 (4.1)

Here A, W >0, and T > 0 are real parameters. Rquation (1.3) takes on
the form

(P2 + M) £ (p) + pe™PTET f(p 4 20) 4 pe™ P72 £ (p_2i) = ¢ (p) (4.2)

The solution of a difference equation of the type (4.2) is given in
(4, p.983].

From the determinant A(p) one can obtain the equation [4]
folp)—s(p)—h(p)=0 (4.3)

where the notation of [4. p.984J is used:

o =p 42, L@ =f_(P)=pe?, @=2i (4.4)
_ hp+w)f_,(p) N fi(p—)fi(p) (4.5)
$p)=—" AP, e tP= ATy ATET)
fo(p+ @) — fo(p+ 20 —. .. folp+ o) — fo(p—20)—. ..
For Equation (4.1) with A # ' (=0, 1, 2, ...) Equation (4.3) takes

on the form

p2e— 2T+ p2e—2R(P—)
PHh—pr i~ (p—zp st 0®)=0 “9




1140 K.G. Valeev

From Equation (4.6) we find the characteristic exponent p, which is
near iV A for small values of M

_ 2
p=iV},+i'4—]7X—“£1—_-1—)(cos 2tV Acos2t+ VAsin2tsin2v YA+
p? . = 5 T
+Zm (sin 2T V' A cos 2v — V & cos 2t ¥ A sin 21) + O (u4) %)

If the lag T > 0 is sufficiently small, then

2
Re p=— 3 p*®+ O (| W | + | p* ) (4.8)

The solutions (4.1) will be asymptotically stable for small enough
values p > 0, T > 0, and A # k2 (k =0, 1, 2, ...). Suppose that A =0.25.
Then (4.7) yields

2
Re p= — g sin® v 4 O (W) (4.9)

For large values of the lag T > 0, @2n+ 1w <7 < (2n+ 2w (n =0,
1, 2, ...), and for sufficiently small values of y4 > 0, the solutions of
Equation (4.1) are unstable.

5. For the investigation of the resonance A = k2 (k=0,1, 2, ...)

in Equation (4.1), we shall make use of the following lemma.

Lemma 5.1, Let ¢(p, W) be a holomorphic function of u and p when
ful < ¢ and lp' < g. Let us consider the equation

P R)=aE)+apptap p+ap)pP+...=0 (5.1
O(a)=0(@?), O(@m)=(), O(,)=0(1) (n=23,..), as () >0

If it is known that two of the smallest (in absolute value) roots Py
Py of Equation (5.1) are conjugates of each other, then a necessary and
sufficient condition for the negativeness of the Re p, and Re p, is given
by

PO, w)=ao(p) >0 (5.2)
Gonas] | aodrde (@101 —00d3) | (60 (5.3)

ag! — ajas (as® — a1a,)?

ay -

The proof of this lemma can be obtained from Weierstrass's theorem
(5. p.9) by dividing ®(p, W) of (5.1) by a factor, a quadratic function
of p., and with the use of Hurwitz’s condition [2, p.427].

Example 5.1. We shall determine the conditions for the stability of
the solutions of Equation (4.1) when p = 0, A = 0. Applying the Lemma
5.1 to Equation (4.6) and taking into account the terms of order less
than 0(u6 + u"hl + Azuz), we obtain the conditions for stability when
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lul and IAI are small:

4
A+ 0.5 ? cos 2v +0.125 p*h cos 2¢ -+ 5 c0S 87 >0 (5.4)

ut [(— T— A+ g- 1’32.) cos 2t + (—;— +%— — M:’) sin 21'] -HL‘ [(—— —Z— — !;) +

T 18 1 1 T D .,
+ (z - -g) cos4t +(— 33 + -—2—) sin 47 — 35 €08 8t 4+ 55 Sin 81:] >0 (5.5)
When 7 = 0, the condition (5.4) reduces to Mathieu’s criterion for

stability. The Condition (5.5) is theé second nonobvious criterion for
stability. When T > 0 is small, the latter criterion takes on the form

4
FREHO(ute |+ | pih |+ () >0 (5.6)

Example.5.2. We shall find the conditions for stability of the solu-
tions of Equation (4.1) when |A - 1|, and |u| are small.

Let us rewrite the condition (4.3) in a more convenient form (2i{ = W)
[fo (P) — s (P)] [fo(p — 2i) — h (p — 2i)] = f_y (P — 2i) /1 (P) (5.7)

After the substitution of (4.4) into Equation (5.7), the latter takes
the form

[ p.ne~=zr<1r>+i) p.e-«r(p-i-zi) .
PHA— oo Fa [P F 2P FAPI( F AP F Al +°‘”‘>] [(”‘2"’“—
lL33-»‘.!t(p—si) p'4e—if(p+4i) _ X
PP FAT =4 FAPlp—6rFa T O (u")] =pe 0 (5

Let us set p = i + 2z in (5.8). Expanding (5.8) in powers of :z, and
making use of Lemma 5.1, we obtain the inequalities

p? cos 4 ptcos 12t\*  pésin? 4T
(A~ BT BT ) T s ot a1 5.9)

4
B 4 O (u? (b — 1)+ i ) >0 (5.10)

Example 5.3. Let us investigate the stability of the Mathieu equation
with lag and friction

d
%ﬂ+pc%¥l+ly(t)+2p cos 2t y(t— 1) =0, e>0 (5.11)

when |A - 1|. |u| are sufficiently small. For the purpose of finding the
characteristic exponents it is advisable to use (5.7), where one has to
set
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fo(P)=pt+pep+h,  fHP)=f_,(P=peF, ©=2 (5.12)

Equation (5.7) now takes the form

) A2e—27(p+1) . .
P +p‘cp+)'_(p+2i)2+pc(p+2i)'+k+0(p“) (p—20 4 pe(p—2i))+ A —
pze—2f(p—3i)

~ @R T T TO (*‘"] = pre~ D (5.13)

Expanding Equation (5.13) in powers of z = p — i, and applying Lemma
5.1, we obtain the following conditions for stability:

ut cos 4t

2 p' 2
(1 + ) (o= Ko ar) Sprowrwnn 514
4
po+ 3 i 4+ O (WP + Pt - PP (A — 12 >0 (5.15)

6. In the determination of the characteristic exponents it is con-
venient to transform the infinite determinant of Hill (1.8), (2.5) into
a determinant of finite order, as is done in [6]. Let us consider the
differential equation

[se] [s¢]
dzgtgt)—',—l.y(t)—i—Zp S coskty(t—1) =0, D lag|<oo, A<HKO (6.1)
Rl k=1

The difference equation for f(p) (1.3) has the form

(PR + 1 D) ay (¢ [ (p ot ki) TN (P — KD = () (5.2)

k=1

Suppose that |A| <1, |u| << 1. When y = 0, the poles of f(p) are at
+ J-—A. Hence, one can look for the zeros of the determinant A(p) (1.8)
in the region X

IM<e, (pl<e, |pi<e (6.3)

Let us transfer the diagonal element in each row of the determinant
A(p) behind the symbol of the determinant, except for the ome in the
central row. For small € > 0, the diagonal elements —k’2[(p + In')2 + A]
(k # 0) have no zeros in the region (6.3). Therefore, the remaining de-
terminant Det Dl(p) of the matrix DI(P) converges in the region (6.3).
Hence we have
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T e D
Di(p) = parexp{—n(p+i) P +A paexp{—T(p—i)}’ (6.4)
. ca(p—1i) - a(p—i) 1
(6.5)

¢, (p) = p (P* -+ M) 7*ayy exp {— v, (P + ki)}

When ¢ > 0 is small, the zeros of the determinants A(p) (1.8) and
Det D,(p) coincide in (6.3). Let us consider the auxiliary infinite

matrix R(p) with the determinant in (6.3) not equal to zero

................. .

’ 1 0_1 (P + l) 0_2 (P + i)
R(py={‘ 0 1 0 " Det R (p) 0 (6.6)
* ‘e

Lea(p—i) a(p—1i) 1

..................

The matrix R(p) coincides with the matrix Dl(p) (6.4) except for the
center row, where all the elements are replaced by zeros while the

diagonal element is replaced by one.

Therefore, in the matrix Dl(p) R—l(p) there will be (except for the
center row) ones along the diagonal and zeros off the diagonal. Det
(Dy(p) R_l(p)) reduces to a scalar function of p

Det (Dy (p) R7! (p)) = Det Dy (p) Det R-!(p), Det R (p)+£0 pE 2 (6.7)

1

Let us find the matrix (E + C(p)) ~, where

10 0. | S N S A T
E=|-01 0" Cp)=|: oal(p) 0 c1(p) - (6.8)
00 1 Calp—i) alp—i) )

E+CENI=E-C(P+CE—C{M+... (6.9)

If we eliminate from the matrix (E + C(p))_l the elements c,(p),
which can have poles in the region Z (6.3), then we obtain R_l(p), and

the equation A(p) = 0 takes on the form

a3 N1 98k OXP [— T (p ki) — T_p]
Pl 2 FENHLES +
o k+0
s D By X =Ty (P ) —T, (Pt —T_p
o2 [P+ @ =R 0P F A+ aiF 7 7] =0 640
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It is assumed here that v, = 7_,, g, = a_,. In other cases, A = 0.25k?
(k =1, 2, ...), and one has to proceed in a similar manner but leave two
rows unchanged, the center one and the kth one. Making use of Lemma 5.1,
we obtain the condition for stability of the solutions of Equation (6.1)
when |A| and tu' are small:

. - a,tcos kv, s
A+ 2u El_—m"“—x +0@)>0 (8.11)
- ), 08 kT ksin kv
w3 ak’( et M_kz)’;)+0<u3+ww)>o (6.12)
k=1 ’

The second of these conditions is not independent on the first one.

BIBLIOGRAPHY

1. Hill, G.W., On the part of the lunar perigee which is a function of
the mean motions of the sun and moon. Acta Math., 8, pp. 1-36, 1886,

2. Lavrent’ev, M.A. and Shabat, B.V., Metody teorii funktsii kompleks-
nogo peremennogo (Methods of the Theory of Functions of a Complex
Variable). Fizmatgiz, 1958.

3. Valeev, K.G., Lineinye differentsial’'nye uravneniia s sinusoidal’-
nymi koeffitsientami i statsionarnymi zapezdyvantiiami argumenta
(Linear Differential Equations with Sinusoidal Coefficients and
Stationary Lags of the Argument). Kiev, Institute of Mathematics,
Akad. Nauk USSR, 1961.

4. Valeev, K.G., K metodu Khilla v teorii lineinykh differentsial’ nykh
uravnenii s periodicheskimi koeffitsientami (On Hill’s method in
the theory of linear differential equations with periodic coeffi-
cients). PMM Vol. 24, No. 6, 1960.

5. Erugin, N.P,, Neiavnye funktsii (Implicit Functions). Izd-vo LGU
(Leningrad State University), 1956.

6. Valeev, K.G., K metodu Khilla v teorii lineinykh differentsial’ nykh
uravnenii s periodicheskimi koeffitsientami (On Hill’s method in
the theory of linear differential equations with periodic coeffi-
cients). PMM Vol. 25, No. 2, 1961.

Translated by H.P.T.



